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ABSTRACT
Consider the §-correspondence from GSp(4) to GSO(6). We prove that locally
over a nonarchimedean field F, this correspondence is injective on generic
representations (i.e. with Whittaker model) of GSp(4, F). We use this to show
the strong multiplicity one property for irreducible, automorphic, cuspidal
representations of GSp(4, A), which are generic.

Introduction

Let G = GSO(6), the connected component of the group of similitudes of a
split quadratic form in six variables. Let F be a local nonarchimedean field.
Our main theorem (Theorem 2.1) says that for an irreducible, admissible
representation ¢ of G, the space of certain linear functionals is at most one
dimensional. Let us describe this space. Write the elements of G as matrices
g EGL(6), satistying ‘gwsg = u(g)ws,

1

Let L be the space of column vectors in four dimensions, equipped with the
quadratic form defined by
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W4=
1

Let e € L satisfy ‘ew,e = 1. Consider the following subgroup R of G:

1 * * A
e =e
R=1r= X6 .
{' [ ! 1"] vEL}

Define yy(r) = 'vwqe. This is a rational character of R. Let y be a nontrivial
character of F. The above space of linear functionals is

L, ={l, EV¥|1(a(r)v) = y((r)l,(v); vEV,, rER}

and the assertion is that L, , is at most one dimensional.

The functionals /, arise in the following situation. Consider the “dual pair”
(GSp(4), GSO(6)). Consider the local @ correspondence, and let 6(o) be the set
of equivalence classes of irreducible representations of GSp(4, F) which
correspond to ¢ under the local -map, then we show that the number of
generic elements of 8(a) (i.e. those with standard Whittaker model) is less than
or equal to dim L, , (Theorem 1.3). Thus o has at most one generic 8-lift to
GSp(4, F). We remark that Rallis [R] proved the Howe duality conjecture for
many cases, and our case is not one of them (and also (GSp(4), GSO(6)) is not
exactly a dual pair). We prove the uniqueness theorem in section two. We use
the Gelfand—-Kazhdan method (explained in [B.Z] part III).

H. Jacquet, 1. Piatetski-Shapiro and J. Shalika show in a work in preparation
[J. PS. S] that under the global f-correspondence from GSp(4) to GSO(6),
irreducible, automorphic cuspidal representations of GSp(4, 4) (4—the
adeles of a global field k), which are generic, have a nonzero image (and only
these). Also an irreducible, automorphic, cuspidal representation o of
GSO(6, A) is in the image of the §-correspondence from GSp (4) if

f oW rdr =0, g€
R\Ry

(v is a nontrivial character of k\ 4. In the definition of y,, we choose e €L,).
This explains the global set up (Propositions 1.1, 1.2). Now, GSO(6) is up to
multiples by elements of the center, the same as { + I,}\ GL(4), and we can use
the properties of the above f-correspondence to consider the question of the
strong multiplicity one theorems for generic representations of GSp(4, 4).
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Using the similar property GL(n) [J. Sh] and the multiplicity one theorem for
GL(n) [Sh] and for GSp(4), for generic representations [PS], one immediately
reduces the question to one of the injectivity of the above §-map. Locally in the
archimedean case, the injectivity is proved in [J. PS. S], and, as mentioned
above, in the nonarchimedean case it is proved here.

§0. Notations and preliminaries

1. Let Fbe a field (Char F # 2). Put
J= ( 0 I,,) ’
-1, 0

GSp(2n, F)={gEM(2n, F)|'gJg =u(g)],  n(g)EF*}.

then

2. Let Fbe a field and X a finite dimensional vector space over F, equipped
with a nondegenerate symmetric form (,), then we denote

GO(X) = {g EGL(X) | (gx1, 8x2) = u(g)x1, X,); VX1, X, E X, u(g) EF*).

We denote the connected component of GO(X) by GSO(X) and the subgroup
of those g in GSO(X) with u(g) = 1, by SO(X). The groups of this type that we
encounter here are with dim X = 6, 4 with a split form, so we denote them for
short GSO(6), GSO(4) respectively.

For any field F we have an injection

Z,\GL(4, F) <>GSO(6, F)

and if C denotes the center of GSO(6, F) then GSO(6, F)= C-Im /. The
injection / is defined as follows. Let GL(4, F) act from the left on the four
dimensional space V. The space X = A?Vis six dimensional. Lete,, ..., e bea
basis for V over F. The space A*V is one dimensional. The form on X X X
defined by viavaau Ay =(V AVy, U AU)E ANENELAE, 1S Symmetric, non-
degenerate and splits over F. The injection [ is defined by g—A%g, g€
Z,\GL(4, F). Note that A’g preserves (;) up to det g.

3. Let Fbealocal field and v a nontrivial character of F. Let Sp(2n, F) act
from the right on Z, a 2n dimensional space over F, preserving the symplectic
form ( , ).Let Z=Z"+ Z~ be a.polarization of Z, thatis Z*, Z~ are
maximal isotropic subspaces of Z. Let w, be the (smooth) Weil representation
of Sp(2n, F), corresponding 1o w. It acts in S(Z*), the Schwartz-Bruhai
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functions of Z*. There is also an adelic analogue. For details, see for example,
[H. PS}, where also the notions of reductive dual pairs and the local and global
f-correspondences are explained. Here we need only the following modified
case.

4. We consider the “pair” (GSp(4), GSO(6)). Let GSp(4) act on the four
dimension space Y, preserving up to nonzero scalars the symplectic form
{ , ). Let GSO(6) act on the six dimensional space X preserving up to
nonzero scalars the quadratic form (,). The space Z = Y ® X is symplectic of
dimension 24, with symplectic form ( , Y®( , ), and we have a homo-
morphism GSp(4) X GSO(6) — GSp(Z) with kernel {¢I,, t ~'I;) | t #0}. Let F
be a local field. We modify w, to be a representation w of GSp(4, F) X
GSO(6,F). Let Z=Z*+Z~ be a polarization. The space of w is
S(Z* X F*), the Schwartz-Bruhat functions on Z* X F*, For ¢€&
S(Zt X F*), set ¢,(zT)=¢(z",t). For a=(g,I) or a = (I, h) in GSp(4) X
GSO(6) with similitude factors 1, we define

(@(a@)e)z*, 1) = (0 (a)d,)(z™)

and for an element a of the form

™ )
vl

(w@)o)z*, )=9¢(z*, ty™").

We construct in a similar fashion the representation in the adelic case. We also
construct the 8-series and the 6-lifts. Let k be a global field and A its ring of
adeles, then for g ES(Z] X A*), we define

(in GSp(24, F)),

0, h)= ¥ wlg h)(z*,1); gEGSP(4,4), hEGSO(6,4)

ztezt 1ekr

and for a cusp form ¢ on GSO(6, 4) the function

g 6%(g, h)p(h)dh
GSO(6,k)\ GSO(6,4)
defines an automorphic form on GSp(4, A). When ¢ varies in an irreducible,
automorphic, cuspidal representation of GSO(6,4) and ¢ varies in
S(Z} X A*), these forms generate an automorphic representation of
GSp(4, A), denoted by 8(o). (Similarly in the other direction.)
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5. Let k be a global field. An automorphic representation 7 of GSp(4, A) is
said to be generic if

f oy~ (u)du #0, ¢€n
U Uy

where

U=1du= Y| ecsp4)

¥ is a nontrivial character of k\4 and y(u) = yw(x + y).
Let F be alocal field. An admissible representation n of GSp(4, F) is said to
be generic if there is a linear functional / on the space of n, V,, satisfying

Hm(u)v) = wu)l(v), vEV,, uel.

l is called a Whittaker functional for z. (If F is archimedean / is assumed to be
continuous in the C* topology.)

§1. Motivations and applications

We describe how the functional /, comes into play when considering
0-correspondence between GSp(4) and GSO(6). This is one of the subjects of
[3. PS. S].

Let Fbe a field and X a six dimensional vector space regarded as an algebraic
group over F. Assume that X is equipped with a nondegenerate symmetric
form (,), which splits over F. Write

(1.1 X = Span{e;} + L + Spanfe_}

where e, € X are isotropic, (e, e_o) = 1 and L is the orthogonal complement
of Span{e,} + Span{e_,}. Denote by GSO(6) the connected component of the
group of similitudes of (X, (,)). We let GSO(6) act on X from the left and we
write its elements as matrices according to the decomposition (1.1). Consider
the subgroup

1 m z '
(1.2) R={r=| p v | €GSO®6)|he=e
1
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where e € Ly is fixed such that (e, ¢) = 1. In (1.2) we identify v with a general
element of L, h €SO(L) and 'u is the transposed of — A~!.y, i.e., the element
of L* which sends IEL to — (h~!'v,I). Consider the following rational
homomorphism from R to F (notation of (1.2)),

(1.3) Xo:r—(v,e).

Let k be a global field and A its ring of adeles. Let i be a nontrivial character
of k\A4. Let o be an irreducible, automorphic cuspidal representation of
GSO(6, A). Define for g Ea

bor= [ ot Gutrar.

(This integral converges absolutely since ¢ is a cusp form.) Denote by (o) the
automorphic representation of GSp(4, 4) obtained by the #-correspondence
(see section 0). The functional /, arises when we consider the case where 0(a) is
generic.

PROPOSITION 1.1. Assume 6(a) is generic, then [, is nontrivial on .

ProoF. Let ybe a nontrivial character of k\ A. We know that the following
Fourier coefficient is nontrivial on (o),

(1.4) W, — fuw v WEw)du,  EEH(0),

Let &(g) = [asowncsow.s 8%, h)dh; gEGSp(4,4), f€0. We realize the
action of the Weil representation « on the space S(Z; X A*) where Z*+ =
Y*"®X=X® X, and Y* is a maximal isotropic subspace of the four
dimensional symplectic space Y. The formulas we need are as follows. Let
GES(ZF X A*), h€GSO(6, A), u(h)-the similitude factor of h, g€ GL(2, 4),
yEA*and S ='S. Then

(1, h)lxy, x5 t) = |u(h)|¢(h "Xy, h ="y p(h)t),

0
(1.5) w((g y,gq), 1>¢(x.,xz; 1) = |det g Pp((x), x,)g; y~'1),

I
w(( : IS) 1)¢(xl,xz; ) = wi(tr Gr(x, x)S)0(x1, X 1)
2

Gr(x,, x,) is the matrix ((x;, x;)), 1 =i,j =2. We first compute the partial
Fourier coeflicient
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‘S=S}>.

I S
W)= [ v R V={(02 )

I
Using (1.5) (and the definitions in section 0), we get
16 W)= | S wlg, heCx, x5 0fk)dh
GSO(6.k)\GSO(6.A) (x,,x5)EXs

where

Xy = {(xl, Xy VEXE X k* | t Gr(x,, x;) = <8 ?)} .
X, is the union of two orbits O,, O, under GSO(6, k). The elements of O, are of
the form (0, x; ), and those of O, have the property dim Span{x,, x,} = 2.We
have
1 u
— L 10 1
(1.7 W¢=J;\A¢// w)W; du.

It is easy to see that the contribution of O, to W; is zero. For O, pick the
representative (e, e; 1). Its stabilizer in GSO(6) is

1 *  x =0
R'={[ h v]EGSO(6) (¢ &= }
h-e=e

1
Using this and substituting (1.6) in (1.7) we get

W= f u/"(u)f w(l, h)gle,, ue, +¢; 1) f(r'h)dr'dhdu.
kA RAGSO(64)

RiA Ry

Now note that

1 ute —iu?
r,= 1 — ue

has the property r, ' - (e, e; 1) = (e, ue, + e; 1), and so w(1, r,h)(ey, e; 1) =
(1, h)¢(e,, ue, + e; 1). Changing variables in 4, we obtain
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We= fm asoen, 2 h)gleo e; 1) f . v Gto(r) firh)drdh
= f (1, h)gleo, e; I, (a(h)f)dh.
R\GSO(6,4)

Since W,==0, then /, is nontrivial on a. a
In a similar fashion one proves

ProPOSITION 1.2. Let n be an irreducible, automorphic, cuspidal represen-
tation of GSp(4, A). Assume that n is generic. Then the 6-lift of n, 6(n) to
GSO(6, A) has a Whittaker model (and in particular 6(rn) # 0).

Proor (sketch). As in Proposition 1.1, compute the Whittaker Fourier
coefficient W, of an element £ € 6(n). This time realize w in S(Z] X A*) and
Zt=Y®X*, where X* is a maximal isotropic subspace of X. Now
GSp(4, A) acts linearly. We get for W, a formula similar to the one in the end of
the proof of Proposition 1.1. If

E(h) = f 6%g, hw(g)dg, vEn
GSp(4, k)\GSp(4, 4)

then
We= [ wlg, Dot Dwy(e)de;
H\GSp(4, 4)

zy is a certain point in Z;7, H is the stabilizer of z,, and w, is the Whittaker
function of ¢. Now it is possible to see that this integral does not vanish
identically. O

REMARK. Propositions 1.1 and 1.2 are parts of the following more com-
plete theorem.

THEOREM ([J. PS. S.]). (i) Let n be an irreducible, automorphic, cuspidal
representation of GSp(4, A), then 6(n), the 6-lift to GSO(6, A), is nonzero iff n
is generic.

(ii) Let o be an irreducible, automorphic, cuspidal representation of
GSO(6, A), then o = 6(n), for an irreducible, automorphic, cuspidal represen-
tation  of GSp(4, A) iff 1, is nontrivial on o.

We now turn to the local analogue of Proposition 1.1.
Let F be a local nonarchimedean field and ¢ an irreducible admissible
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representation of GSO(6, F). Let y be a nontrivial character of F. We consider
for o linear functionals /, on the space of g, V,, satisfying

(1.8) L (a(rv) = w((rH, (v), reR, vev,.

Let n be an irreducible admissible representation of GSp(4, F). Following
[3. PS. S] we say that 7 is a Howe-lift of ¢ if

(1.9) Homygsys, ryxcsoe, r(@ ® (1 ® 6),C) #0

(w is the appropriate local Weil representation; See section 0).

The functional /, in (1.8) enters in the question of the uniqueness of a generic
Howe lift of o to GSp(4, F). Denote by [o] the set of equivalence classes of
generic Howe lifts of o to GSp(4, F).

THEOREM 1.3. Let o be an irreducible admissible representation of
GSO(6, F). Then the cardinality of [o] is less than or equal to the dimension of
the space of functionals |,.

Proor. The proofis a local analogue of the proof of Proposition 1.1. Let
be an irreducible admissible representation of GSp(4, F) which is a generic
Howe lift of 6. Then by (1.9) we get a morphism « ® ¢ — # which has the
appropriate equivariance properties. Composing this morphism with the
Whittaker functional of 7 we get a bilinear form of S(Z} X F*) X V,(V,— the
space of &) satisfying

(1.10) (w(1, h)p, G(h)v)=(9,v); hEGSO(6, F), vEYV,,

(1.11) w

—_— % %

*
g’ ey | =wix +v)0, v)
1

S oo -
OO = X

Here ¢E€S(ZF X F*) — the space of w. We take Z* as in the proof of
Proposition 1.1 so that we have the formulas (1.5) (locally). Put E =
S(Z# X F*). (1.11) means that (,) is a bilinear form on Eg, X V,, where

- pleosent. v(g p)=vlel %)
S {(0 I, €GSp(4, F);, WO I, wtr0 1X

and Ey, denotes the Jacquet module of E with respect to the group S and the
character y. (See [B.Z], section 2.30.) Denote by ws, the representation of the
paralolic subgroup
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of GSp(4, F) in Eg, which is obtained from w. Put

0 O
Xo= {(xl, X5 )EZF X F*|1-Gr(x,, xp) = <0 1)} ;
Xpisclosed in ZF X F*. Let P act in S(X,) according to the formulas of . We
have an isomorphism of representations of P, wg, =~S(X,). It is given by
a:¢—Resy ¢. « is well defined. The exact sequence ([B.Z], section 1.8)

0—S(Z# X F*\ Xo)—= S(Z7 X F¥)iresieion — g(x ) —0

shows that « is an isomorphism. Thus we may think of (,) as a bilinear form of
S(X,) X V, satisfying

(1.12) (w(1, h)g, a(h)v) = (8, V),

(1.13) 0 I 1 (e v | =w(u)oe,v),

—-u 1

with similar notations as in (1.10), (1.11), and we write w for ws,. GSO(6, F)
acts in S(Xy) by left translations. Let 4 be the direct product

1 u
1 | |ueF } x GSO(, F)

—u 1

and consider the representation ¥ ™' ® ¢ of A on V. The space of bilinear
forms satisfying (1.12), (1.13) is isomorphic to I(s, ¥)=Hom, (¥~ ! ® 4,
SH(Xo). (SH(X,) denotes the space of A smooth distributions on X, i.e.,
distributions on X, which have open stabilizers in 4.) As in the proof of
Proposition 1.1, Xj is the union of two orbits under 4, O, U O,. The elements
of O, are of the form (0, x; ¢). The elements {x,, x,; t) of O, have the property
that x,, x, are linearly independent. Since O, is closed in X, we have by ([B.Z])
the exact sequence

0—Hom,(y~' ® &, S¥Oy)— 1(g; )~ Hom,(y ™' ® 6, S¥O)).
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For ¢ €5(0y), we have

then Hom, (v ' ® 6, S¥(O,)) = 0. Thus we have an injection
I(o; w) = Hom,(y~' ® , S¥(O0,)).

Now take 0 # / €Hom, (v ' ® 6, S¥O,)). Let v E V,and /,its image under /in
S¥(0,). Take the representative (e, e; 1) for O, that we used in Proposition 1.1.
Since its stabilizer and 4 are unimodular, then /, is determined by an 4-smooth
function ¢, on O,, once we fix an invariant measure dy on O,. We have

(1.14) Lo)= [ p0m0ay.
This implies that
(1.15)
v@.0)= ) s oy ()5 hEGS06. ). yeo,

This shows that ¢, is determined by the linear functional

P(V) = %(eo, €; 1)

which, by (1.15), satisfies the condition (1.8). The proof of the theorem is now
complete. O

In the next section we show that the space of linear functions (1.8) is of
dimension at most one. This will prove:

COROLLARY. Let ¢ be an irreducible admissible representation of
GSO(6, F) and assume it has a generic Howe-lift to GSp(4, F), then this lift is
unique.

Going back to the global case let us consider the injectivity property of the 8-
correspondence from generic representations of GSp(4, A) to GSO(6, A).

THEOREM 1.4. Let m,, m, be two irreducible, automorphic cuspidal,, generic
representations of GSp(4,A). Let 8(n;), i = 1,2, denote the 6-lift of m; to
GSO(6, A). Assume that 6(n;) are cuspidal and that 6(n,) = 6(n,), then n, = n,.
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PrROOF. We should remark first that 6(x,) is irreducible. Indeed if 8(7;) =
®,0,, is a direct sum decomposition to irreducible, automorphic cuspidal
representations of GSO(6, 4), then all the g, , are locally equivalent at almost
all places (see [H.PS]). By the strong multiplicity one theorem ({J.Sh]) all the
o, , are isomorphic and by the multiplicity one theorem ([Sh]) there is only one
summand in the decomposition. (Recall that PGSO(6) = PGL(4).) Put §(x,) =
0(n,) = 0. Then

(1.16) 0%(g, h)p(g)f(h)dgdh==0

fGSO(é,k)\GSO(QA} fGSp(4.k)\GSp(4,A)
where ¢ €7, and fE . (1.16) implies that

Homggps 4)xesos (@ ®m; 86, C)#0, i=1,2.
This implies that there is a place v such that
Homgsya ,x csoe @y @ W, ® 6,,C) # 0,

i.e., that m; , is a generic Howe-lift of o, to GSp(4, k,). In {J.PS.S] it is shown
that if v is archimedean then 7, is uniquely determined by the parameters of
o,. (See the following remark.) By the Corollary to Theorem 1.3 it follows that
for v nonarchimedean =,, =~ n,,. Thus n, and =, are isomorphic and hence
equal by the multiplicity onk theorem for generic representations of GSp(4, 4)
([PS). a

REMARK. We sketch the proof of [J.PS.S] of the injectivity in the archime-
dean case. Put k, = F, §, =0, n;, = 1, w, = w. Consider the action of w on
ce (F¥)® S(Z7) (® -inductive tensor product). Then we are given a con-
tinuous trilinear form T on (C*(F*) ® S(Z;)) ® V,®V,, satisfying

T(w(g, h)¢ ®¢)®n(g)y @ a(Mu)=T((p ® )@ v ® u).

(V,, V, are the respective subspaces of smooth vectors.) This with # = 1 and
e=(" )
Al
shows that there is a (nonzero) trilinear form 7, on S(Z7 )75 V,@ V,, such that
T((¢®¢)®v®u)=T,(f ¢(x)¢®7t<1 )v@ud"‘x).
P xI

T, then satisfies T\(w,(g, h)¢ ® n(g)y ® a(h)u)=T\(¢ ® v ® u), where we
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restrict g to be in Sp(4, F), and w,(1, 7) acts by left translation on ¢. Now, misa
quotient of a minimal principal series representation p of GSp(4, F), induced
by a (quasi) character ¢ of B, the Borel subgroup. Replace 7 by p=. Identify the
functions in p® with their restrictions to Sp(4, F). By Frobenius reciprocity
(Theorem 5.3.2.1 in [W]), we get a bilinear form 7' on S(Z ) ® V, such that

I)) 7N‘l(¢ ® u)a

Ti(wy(b, h)p ® o(h)u) = 632" (b (’
p(h)
for b€B N Sp(4, F).

Considering the action of w,(b, 1) with

)

and realizing Z7 = X; ® Xy, it can be shown that when regarding 7' as a
distribution on Z/ with values in V;, then it is supported on X,=
{(x1, x3) | Gr(x,, x;) = 0}, with no transversal derivatives. X, is the union of
four orbits under

(==
*

€Sp(4, F) + X GSO(6, F).
*

One orbit is open. The restriction of T to the open orbit maps ¢ (via Frobenius
reciprocity) to Ind§so6F¢” where B’ is the Borel subgroup and &' is a character
determined by £ (and vice versa). The restriction to one of the remaining small
orbits maps o to some p = Ind§**®"z, where P 2 B’ and tis a finite dimensio-
nal representation of the parabolic subgroup P. This is impossible since p
cannot contain a generic representation. (o is a local component of a cuspidal
representation of GSO(6, 4) and so g is generic.) Since & is determined by (¢’
and hence by) o, then n is determined by o.
As an application we get

THEOREM 1.5 (The strong multiplicity one theorem for generic represen-
tations of GSp(4, 4)). Let n,, m, be two irreducible, automorphic, cuspidal,
generic representations of GSp(4, A). Write n; = ®, m;, and assume that m, , =
m,, for almost all v, then n, = =,.

Proor. Let (xn;) denote that 8-lift of =, to GSO(6, A). Since the con-
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stituents of A(x;) are all locally equivalent almost everywhere then either 6(n,),
0(m,) are both cuspidal or both noncuspidal (since PGSO(6) = PGL(4) and
Z,\ GL(4) = GSO(6), see section 0). Assume first that 0(z;) are cuspidal and
hence by the strong multiplicity one theorem (for GL(4)) 6(n,) = 6(x,). By
Theorem 1.4 m; = m,. Assume now that 8(x;) are noncuspidal. Then (Rallis
theorem [R1]) the 8-lift of n; to GSO(4, A) is cuspidal, where GSO(4) is the
connected component of the group of similitudes of a split symmetric form in
four variables. (Recall that GSO(4) = GL(2) X GL(2)/C where C denotes the
scalars embedded diagonally.) Denote again by 8(x;) the 6-lift of =, to
GSO(4, 4). By the same reasoning as for the previous case 6(z;) = 8(n,).
Denote 6(7;) = 0. Then as in the proof of Theorem 1.4, there is a place v such
that

Homgsya kyxasouriw, ® T, ® 6,, C) # 0.

As in [J.PS.S], when v is archimedean, ; , is completely determined by o, (see
last remark). For v nonarchimedean an analogous proof to that of Theorem 1.3
shows that the number of generic Howe lifts of 6, to GSp(4, k,) is less than or
equal to the dimension of the space of Whittaker functionals of g, which equals
one. (see Theorem 3.1 in [S].) This shows that z,, = x,, for all v and hence
Ty = 7. O

§2. The uniqueness theorem for the functional /,

In this section F denotes a local nonarchimedean field, and G = GSO(6, F).
We formulate our main theorem.

THEOREM 2.1. Let o be an irreducible, admissible representation of G, then
the space of linear functionals (1.8), l,, for o, is of dimension at most one.

In our proof we follow the Gelfand-Kazhdan method (see [B.Z]). Let us
sketch it and give the details later. We first introduce an involutiong — g*on G
which has the properties

2.1 R* =R,
(2.2) X(r')=xfr),  Vr€R

(xo is defined in (1.3)).
Next, we prove the following theorem, where F can be any field an' y any
nontrivial character of F.

THEOREM 2.2. One of the following conditions holds for g €G.
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(a) There are r,, r,ER such that
rgri'=g and w(u(rri') # 1.
(b) There are ry, r,€R such that
rgryt=g" and yo(riry")=0.

The proof of Theorem 2.2 involves technical work. Now let ¢ be an
irreducible admissible representation of G and let /;, /, be two linear func-
tionals on the space of o, with the property (1.8). Define for ¢ €S(G) (the
Schwartz functions on G)

(2.3) B(p)=lip*1)

where

Lwy=1I o 1 vi, VEV,.
-1

(/1 has the property (1.8) with respect to ¥ ~'.) For a linear functional /on V,,
o = is the vector in ¥V, obtained as follows. Consider the linear functional

T, (v)= f p@(a(e)d.

T,,is smooth and hence belongs to the space of the contragradient represen-
tation ¢ of o (realized in the space of smooth linear functionals on V). But
6 =w; "' u ®c where w, is the central character of ¢ and g — u(g) is the
similitude factor of g. Fix, then, a bilinear form ( , ) on V, XV, (it is

unique up to a scalar), which has the property
(a(gy, o (u(@)o(gw) =(v,w) forv,w€EV,, gE€G.

We define ¢ «/ € V, by the relation T, ,(v) = (¢ [, v). Note that if p, 1 denote
respectively the right and left translation representations of G in S(G), then

(2.4) (p(@)p) x1 = w5 ' (u(g)o(g)p +1),
(2.5) (A@)p) »l=px (g™ ")

(& denotes the algebraic dual of o). In particular, we have
(2.6) B(p(r)p) = w(o(r))B(p),

2.7) B((r)g) = v~ '((r)B(p), rER.
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We will use Theorem 2.2 and the Gelfand-Kazhdan theorem (Theorem 6.10
in [B.Z]) to conclude:

THEOREM 2.3. The distribution B is t-invariant. (The action of © on B is by
B(¢) = B(¢"), and 9" (g) = ¢(g").)

We now specify the definition of 7. Recall that G acts from the left on the
space X and write the elements of G as matrices with respect to the decompo-
sition (1.1). Let « be the reflection on X with respect to e, that is, «-e¢ = — eand
a-v = v for all » € X orthogonal to e (e enters in the definition of R and x, in
(1.2), (1.3)). We define for gEG

(2.8) T=p(g)a g

Clearly (g°)* = gand (g,£,)" = g3g{. To check (2.1), we note that R is character-
ized by the fact that its elements preserve e, and send e to a vector of the form
te, + e. Since a preserves e, and sends eto — e, it is clear that (2.1) is satisfied.
For (2.2), let r ER satisfy r -e = e + te,. By (2.8),

rree=—arle=—a-(e—te)=e+te,

Thus 7 -e = r* -e and hence y(r) = xo(r*) = — . Theorem 2.1 now follows in a
standard way.

PrOOF OF THEOREM 2.1. We first need a lemma.
LEMMA 2.4. The t-invariance of the distribution B implies that
(PESG) |9 +1;=0)={pESG) (05" 1) @ p**) x,=0)
where (05 ° 1) ® p*)(g) = &, (u(@)p (1~ "(8)ago).
Applying the lemma to the distribution B'(p) = /(p = [;) we get that
(pESG) |9 x13=0} = {9 ESG) | (7" o) ® p=#) x, = 0}.

Put J; = {9 €S(G) | ¢ x1; =0}, i =1, 2. Then J, = J,. Let p denote the right
translations of G in S(G). The map 4,: ¢ — ¢ [ defines an isomorphism of
representations

(p, S(GW)) = (7' opn @0, V).

It is injective by definition, it intertwines the representations by (2.4), and it is
surjective by the irreducibility of 6. Now define T: V,—V, by T(p 1)) =
¢ »l;. Tis well defined since J, = J,, and it is an automorphism of @, 'ou®a.
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This implies that T =6 -id for §€C. Thus ¢ /5 =4 - ¢ x| for all p €ES(G).
This implies that /,=¢J-/; and hence , =4 -1,.

ProoF oF LEMMA 2.4. First note that for a linear functional / on ¥, and
9 €5(G), we have

2.9) orl= [ oo (uie)oe~) g
where K, is a small compact open subgroup of G, depending on ¢, and % is
defined by /% (v) = (%, v), Vv EV,, where
1
m(K,)

m(K,) is the measure of K,. Indeed, let K, be a small compact open subgroup
of G satisfying p(kg) = ¢(g), V€ €EG, k€EK,. Then for vEV,, we have

I (v) =

f I(o(k)v)dk.
K,

(pxl,v)= f . 9(8)l(a(g)v)dg

1
m(K,)

- [ o@imomds

- [ s@o.wienee ™, vde.

This implies (2.9). To prove the lemma, assume that ¢ x/{ =0. By (2.4)
p(g)p 1} =0 for all g EG. By the t-invariance of B, we get that

B((pg)¢)’)=0
for all g€ G. Take g°E G and write it in the form g% = 1 '(g,)g,- We have

0= L{(p(1™"(g0)g0)p)* *1})

= fc (p(ﬂ - l(gO)gO)q))r(g)a)a('u(g))lz(o'(g— l)[il('go)dg

= f G(P(#"(go)go)w)'(g)w.,(u(g))(i{f; a(g=")]15%) dg

(K, 5 = Kip(u'g0ee)» a0d K, is a small compact open subgroup of G satisfying
p(u(k)ak~'ag) = p(g) for all kEK, and gEG. We also assume that

w,(u(k)) = 1 for kEK),
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=t f G(p(u"(go)go)w)’(g)wa(u(g)xo(g")75’9%, Ifydg.
(It is clear that (v,, v, =d(w,, v;) for all v, ,EV, and that 6 = * 1.) Thus

0= | (p(u™(0800) @, (@) ole~ )%, Iydg
- [ (" e0800) @lito @) g
= | outses g aguliote) g
- [ vt o sse) g

=[i(o(g§) f . 0 (1(8)g "o (g) rdg).
Since this is true for any g,€ G, then

0= f p*(u(g)g ~Yo(g)Kedg
G
= f . o (1~ (g)g)a(g HKodg

- f o7 (uEN @) (u(ea(s ) g

=(w, ' ou ® p™*) %1,

By reversing the steps we get the desired equality. This proves the lemma and
Theorem 2.1, using Theorem 2.3. O

PrOOF OF THEOREM 2.3. We verify the assumptions of Theorem (6.10) in
[B.Z]. Put H=R X R. Let Hacton G by (r, r,)-g =r,gr; ', and on S(G) by
(r, 1) 9(g) = w ™' (olri” 'r)e(r'gr).

The assumptions of Theorem (6.10) of [B.Z] in this case are the following:

(@) The action of H on G is constructive (i.e., the set

{(g, h- g)| gEG,hEH) is the union of finitely many locally closed
subsets of G X G).

(b) For each h €H, there is h, EH such that h-g* = (h,-g)" for all g EG.

(c) t*=1id.

(d) If T'is a nonzero H-invariant distribution on an H-orbit Y, then Y* =

and 7" =T.
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The conclusion is that any H-invariant distribution on G is also t-invariant.
Note that by (2.6), (2.7) our distribution B is H-invariant.
The condition (a) is implied by Theorem A in 6.15 of [B.Z]. For (b), we have

(r, r)-8" = u(gIrag lary ' = u(glal(ar,a)g(ar 'a)) ~la = ((ara, ara)-g)*.

(2.1) implies that for (r,, rn)EH, (ara, ara) is also in H. Assumption (c) is
immediate. The verification of (d) requires some work and is linked with
Theorem 2.2. Let T be a nonzero H-invariant distribution on an H-orbit
Y = H - g. This means that

TA(r)p(r)e) = wolr'n)T(p)  for p €S(Y).

Let H, denote the stabilizer of g in H. Denote the character of H, (r), r;)—
w(lri 'r)) by v, then since S(Y) = Ind“;’,, 1 (compact induction), we have that

T €Homy(Ind*}, 1, w) = Homy (Ay, /Ay, Resy y)
by the Frobenius reciprocity, where A, , Ay are the modular functions of H,
and H. Note that A, = 1.
LEMMA 2.5. Ay =1 forall g€G (i.e., H, is unimodular).

We will prove the lemma later. By the lemma, we have to consider the space
Hom,, (1, Res,,j/). Thus, if Res, % # | then T =0. Since T is nonzero, we
must have Res,,j/ = 1. By Theorem 2.2, only the possibility (b) there is valid
for g, which means that the orbit Y = H - g is 7-invariant. This proves one part
of (d). It remains to show that 7° = T'. In our case T is proportional (see 6.12 of
[B.Z]) to

T0)= [, oth )i~ by

where dh is a right H-invariant meassure on H,\ H. Let h,€ H satisfy hy' - g =
g and w(hy) = 1 (Theorem 2.2 (b)). We have

Ti(p) = Ty(p") = f ()Y .

[\
Write (h~'-g)" = (k") ~'-g" where if h = (r,, r,) then R =(r;7, r 7). So we get
1) = [ otk i .
H\H

Put iy = (r°, rd) and b = (rF", r¥"). Note that A} = by ' and (h¢)~'-g = g°. The
change of variables # — B(h) = hih" is permissible here. Indeed if 4, € H, then
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B(hh) = h(h,h7)y = hEhih* = hEhi(hd) ~'hEh* € Hhdh® = H,B(h).

Using (2.2), we see that {(f(h)) = w(h). Thus, using that H, is unimodular, we
get

Ti(p) = fH\H!ﬂ((hoﬂ(ﬁ)')“-g)lil“(h)dh

~ [ gt hrch
H\H

= T(p).
This proves part (d).

ProOF OF LEMMA 2.5. We compute H, for gE€G.

It is enough to do it for representatives of R\ G/R. Choose a basise,, e;, e;, &,
for L (in the notation of (1.1)) such that the matrix ((e;, e)),1=i,j=4isequal
to

We write the elements of G according to the basis ey, e;, . . . , €, €_o. We find
three types of representative for R\G/R.

X
M g=1| b |, bEGSOL)=GSO4,F) (ub)=2xy)
y
-0 1 h
, 10
X X 1
@ g=| b [wm}| b |5 wm= 1 ’
y y 0 1
! 0]
(zeros elsewhere)
X x' 1
(3) g= b |ws b s W= a >
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where a denotes the restriction of the reflection « to L. Take g of type (1).
Assume that (r,, r,) EH,. Write

1 —'wiewh,  — v, w)
ri= h; 41
|
Then r,g = gr, is equivalent to

(2.10) h, = bh,b™ !,
2.11) v=y 'bp,.

Thus v, is determined by », and (2.10) means that 4, belongs to the subgroup D
of SO(L) which preserves the vectors e and b~'-e. Thus H, = D - L which is
unimodular.

Now let g be of type (2) and let (r,, r,) € H,. Write r; as before and

0 ' O
WZ = el M e2
0 ' O
according to the decomposition (1.1) where
0
M= 1
1
0
Then r,g = gr, implies that
L =wew —v,n) X x'
I, v hb w, b'h;!
1 y y’
(2.12)
I ='wew =i, n)
=8 1, ¥,
1

Equating both sides of (2.12) we get the following equations:
(2.13) 'y, wh,be, = 0,

(2.19) h,be, = be,,

(2.15) teb'hy ' =led’,
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(2.16) te,b'v, =0,

2.17) — y''v,wh be, = x'e,b'v,,

(2.18) x'e,b'hy ' — vy wh,bMb'h; 't — (v, v))y'eb'hy ' = x'e b’
(2.19) hbMb'hy ' + yv'e,b'hy ' = — x'be,'v,w + bMDb’,
(2.20) y'hbe,= — X(v,, v,)x'be, + bMb'y, + y'be,.

We will show that the solution of this system of equations is the following:
First, the expressions of v, and 4, via g, », and A, are

(2.18) —'mwb =x'e, + (¥ ~'x'e,b'hy 'v, + x'e,b'hy b’ "le,) e,
— x'e,b'hy 'Y,
I —X'(vy, b’ "'e)) — x'(vy, pb’ ~'e3) — 4y’ ~'x'(vy, v5)
@20y b~ =|? : e ¢ _12‘2 2:3
0 0 0 1
= T(r;

h, and v, satisfy the following conditions:

1 *  x

(2.15) b'h'b ' = 8 Z(;l S (and of course, h,e = e),
0 0 0 1

(2.16) te,b'v, =0,

(2.21) T(rp)b e =b""e.

We note that (2.15) is another form of (2.15), and (2.21) follows from
(2.20)'. Now (2.15)' says that &, belongs to the subgroup of SO(L) which fixes e
and the isotropic vector w'b’e,. Equations (2.16), (2.21) give conditions on »,.
Indeed, let

5,

-64 L
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then by (2.21) and (2.20)
— (v, b’ T'@)0; — (v, b’ &) — Ly T (v, 1), =0,
20,+y " Nes, b'v,)0, = 05,
z7 16,4 y' " (e, b'v,)d, = 0.
If 6, =0, then 6,05 # 0, ((e, e) = 1), and hence (z = 1 and)
(v, b’ ~'es) = — 657 10,(vy, " ~'w,).
Thus », is of the form

G

I )
=000, |’

0

V2=h2bl_l Cyy CzeF.

If 8, # 0 then (e;, b'v,) = y'0;'0,(1 — z) and (e, b'v,) =y'd; '05(1 — z7 ') and
SO

4
=h'-1 yl(l—Z)ailéz . , o
o y(—-zn5e |0 ¢ eb'hb "'e, cEF.
0

Now it is easy to see that in the first case dc,dc,dh, and in the second dcdh, are
unimodular measures on H,.
It remains to show (2.18)' and (2.20)".

PROOF OF (2.18). We have

_, 19

—whbMb'h; ' ="— 'y w(— yv'e,b'hy ' — x'be'v,w + bMDb’)

@14+0213)

=""y(v, »)eb hy ! — vy wbMb'.
Substitute in (2.18):
(%) xX'eb'hy '+ y(v,, v)'eb’hy ' — 'y wbMb' = x'eb’.
We also have

.20
— y"'mwhibe, =" —'vw(— i(v,, »,)x"be; + bMb'y, + y'be,)

(2.13)+(2.14)
= - 'Vl WbeIVZ - y"vl Wbe4.
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Substitute in (2.17):
(x%) — vy wbMb'v, — y''v,whe, = x'e,b'v,.

Multiply (x) by v, from the right, compare with (), and use (2.15) and (2.16)
to obtain

—'ywhe,=y' ~'x'e,b'h; 'y,.
Using this, (), (2.14) + (2.13) (i.e., 'v,wbe, = 0) and (2.15)" we get
—'vywb=(—"'v,wbe,)'e, + ( — 'vywbM) + ( — ‘v, wbe,)'e,
(exe) =x'e, + (¥’ ~x'e,b’'hy 'v, — by(v, v,))'e, — x'e,b’h; b’ L.
Use this to compute (easily), using (2.15)’,
(‘bwy,, tbwy)) = — 2x2'e,b'h; 'b' e,.
But (‘bwy,, 'bwr,) = xy(»,, ;) and so
— (v, ) =x'e,b’h; 'b' e,
Substitute this in (*x*) to get (2.18)'.

PrOOF OF (2.20)". (2.20) and (2.14) can be written together as follows:

1 1 0 0 =iy ~x(r,m)
r—1 ]
hb 0 —b 0 0 O y i (es, b'vy)
0 0 0 O y' ey, b'vy)
1 0O 0 0 1

Multiplying (2.19) from the right and using (2.15)", we get

0 - x'(V2, hzb’ - lez) - X’(Vz, hzb’ - 183) 0
0 z 0 0

hbM =
M =b1, 0 z”! 0
0 0 0 0

Adding the last two equalities gives (2.20)'.
Let g be of type (3). We can write g in the form

X
g= b wy  (u(b) = xp).
y
Let (r,, ) € H, and write
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1 —v'why  — (v, v)
ri= h; Vi )
1

then r,g = gr, implies that », = », = 0 and h, = bh,b~! (note that h,a = ah,).
Thus

Hg;{hESO(L)‘ he =e }
h(b~'e)=>b"le

which is unimodular. This proves Lemma 2.5 (and Theorem 2.3, using
Theorem 2.2). O

Proor oF THEOREM 2.2. We use the same notation as for the proof of
Lemma 2.5. It is enough to prove the theorem for representatives of R\ G/R.
Let g be of type (1), and let (ry, r,) € H, where

1 —'wwh  — ¥, )
r,‘ = h,' v,' ER
1

then (2.10, 2.11), h, = bh,b’ =" and v, = y~'bv,. Thus
lrrs ) =(v, &) — (1, &) =(y~'bv, €) — (v, e) =x(1,, b~ 'e) — (n, e)
=(v,, xb~'e —e).

If b~'e # x ~'e then there is v, € L such that y((»,, xb~'e — e)) # 1 and we are
in case (a) of the theorem. If b~!e = x~'e then, since u(b) =xy weget x =y
and so

X x'b , (x " 'b)e =e.

1
Thus g€ xR, hence we may assume that b =xI, and g = xI5. We have
g° = u(g)ag 'a = x2x"'I; = xI; = g, and so we are in case (b) of the theorem.
Let now g be of type (2). Assume that (u;, u,) € H, where

4

1 =ww  ¥v,n)
U, = 14 y;
1

Then by (2.18)", we have

—'wwb =(y' " 'x'eb'v,)'e, =y "' x(e, b'vy)'e
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and hence
v =— (') " (es, b'vy)be,.
By (2.16), (2.20), we have
v,=cb'"'e, CEF.
Thus v, = — (yy') "'cbe,, v, = cb’ ‘e, and so
Xolus Y=(v,e)— (n,e)=—c((y') " 'be, + b' e, e).

Thus if ((yy') "'be, + b’ ~'e,, e) # 0, we can find ¢ € F such that y(x(u, 145 ")
# 1 and we are in case (a). Now, assume that

(2.22) ((yy) 'be,+ b’ e, e)=0.

We show that g satisfies condition (b) of the theorem. So let us solve the
equations

(2.23) {"grz_l ="
Xo(rirs ) =0.
Write
1 —'vwh, =¥, ¥)
r; = : h,‘ LA €R.

1
We look at the first equation of (2.23). Write it in the form
1 —=wwh, 3ov,v) ] |x x'
h, 2 b W, b'hy!
1 y y'
(2.24)
1 —'mw (v, )

= u(gag o I, v,
1

Equating both sides of (2.24), we get the following equations:
(2.25) x'hbe; = u(bb")x'ab’ e,
(2.26) Ve hy ' =u(bb)y ~Veb 'a,
2.27) v, wh be, =0,
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(2.28) te,b " lav, =0,
(2.29) — y"'vywh,be, = u(bb')x' ~''e,b~'av,,

x'e,b'hy ' — v ywhbMb'h; ' — Sy(v,v,)'e,b'hy !
(2.30)

= u(bb)x' ~''e,b™'a,
hbMb'hy ' + v 'e,b'hy!

(2.31)

= — x " 'u(bb)ab' ~le,'v,w + u(bb"Yab' "'Mb~'a,

1= (bb")y' hybe,

(2.32)

= - %x_l("z, Vz)ab'_]el + ab’-IMb—la)’2 + y_lab'_le,,,.

We can find A, satisfying (2.25) if and only if x'(be,e)=
u(bb)xYab’ ‘e, e). Since u(bb')=xyx'y’ and ae=—e we get
((yy") ~'be, + b’ ~'e,, ) = 0, which is condition (2.22). Equation (2.26) is the
same as (2.25) for A; '. Indeed, write (2.26) as follows:

y'ewb'hy ' = u(bb)y' ~"'e,wb'a,
then
y'hy 'th'we, = u(bb")y' ~''a'b " 'we,.
Shift w to the left and cancel it, then
yu(bYhb' ~'e; = u(bbu~'(b)y’' ~abe,.
Since o« commutes with 4,, we get
hz_ lbel = yy'ab' - lel

which is the equation (2.25) for h; '. So we choose h; ' = h,.

Write v, = 2}, t,h,be;and v, = Z}_, z,abe,. We show that the solution of the
system of equations is v, = — ah; 'v|, and A, v, should satisfy (2.25), (2.31).
Note that (2.27) says that ¢, =0, (2.28) says that z, =0 and (2.29) says that
z, = — t,. Consider now equation (2.30).

We have

u(bb)x' ~Vleblahb’ Tl = x'e, — vywh DM — iy (v, ,)'e,

3
= X'e, - Z t,’te,'lbthlw}lle _y‘u(b)tzt_qte‘;

i=1

= x'e, — u(b)ts'e; — u(b)t)'ey — yu(b)tyts'e,
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hence

(2.30) e b™lalb Tt =(yy') Ve, —y T itte, — y' T te,
— ' 't

Consider equation (2.32):
u='(bb"y'b'ahbe, = 3x"'(vy, v,)e, + Mb~'av, + y'e,

3
= — yz,z:¢, + AZ z;Me, +y' Tley= —yz,z.e, + 208, + zie;+ y e,

i=1

We have
W~ '(bb")y'b'ahbe) = = (bb")y 'e,w(b'ah,b) = y''e,b~'h 'ab'aw
=y'e,b " lahb' ~'w,

since A, = h; ' and « commutes with 4,. Thus we get
(2.32y e b lahb' "= —yy' Tlzzite, + Y Tizyle, + ¥ T iz)e
+Oy) ey

Comparing with (2.30) we get z, = — t, and z; = — t,. Thus v, = — ah;" v,
where v, = Z}_, t;h,be; and h, satisfies (2.25).
It remains to satisfy equation (2.31). Write it as follows;
yvileb'hy 4+ x T u(bb)ab’ ~letv,w
(2.31)
= u(bb"Yab' ~'Mb~'a — hbMb'h; "

The left side of (2.31) equals, using (2.25), (2.26),
u(bby' ~'vileb'a — x'hbev,th Vaw

3 3
= ,u(bb')y' B lhlb Z t,-ei‘e4b"la - x'hlbe, E t,-‘e,“b'aw
i=1 i=1

3
= ﬂ(b)x,hlb ( ti(e,‘te4 - efe,w)) b 'a
i=1
0 - t3 - t2 0
a0 0 0 al,
u(b)x'h,b 0 0 0 " b7 a
0 0 0 0
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Thus (2.31)' can we written as follows (recall that 4, = A"):

0 _t3 _zz 0
@31y uk) |° O bl (bb)b hyab)~' M — M(b'hyab).
0 0 0 &
0 0 0 0
By (2.26)
") M| —ds —d, f
0 C
(b'hab) ' = A
0 C
0 0 0 (xx") !

where A € GO(2, F) (the group of similitudes of the form (¢ {)). Since det a =
—1 and b, b'EGSO(L) (i.e., det b = u(b)?), we must have det 4 = — u(4)
and so 4 must be of the form

We have
‘e, (b'hyab) “t=(yy) e, — di'e, — dy'e; + f'e,
and by (2.30)' (d,, d5) =y’ ~'(t,, t;) and hence

d t
(o))
Gy e d, ¥ Iy

Thus the right hand side of (2.31)” equals

0l—d,  —alo1 [°[° 0 0
0 0 0
u(bb’) A - A~ —xx'4~! (Cz>
0 0 &
0
01 0 0 |0
LO 0 0 0
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[0 | —ulb)x'ty—u(b)x't, 0 1

0 wd)x't,
- )4 — A"

0 u(b)x'ty

0 0 0 0 j

We have

et [0 r)_(O s")=<0 0)
) 4 (+s) (s 0 rrt 0 0 0o

This shows that equation (2.31)" is satisfied. We have
X(rrr Y=, e)—(n,e)=(—ah 'v,e)~(n,e)
=(h'vy, €) — (1, €)= (1, ) — (1, e) = 0.

This proves (2.33).
Let g be of type (3). We show that it satisfies condition (b) of the theorem.
Write g in the form

s
g&= b w3
y
We find
1
r,- = h,‘ ER
1
such that
(2.33) reryl=g"
Note that yo(r,r; ') = 0. Equation (2.33) is equivalent to
U= y(hYh~!
hie=e, i=1,2.

It is easy to see that there is 4, € SO(L) which satisfies

{h.e =e
h.be = u(b)b'e.
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Thus A, and h,=pu"'(b)bhb solve (2.33). This completes the proof of
Theorem 2.2. a

ACKNOWLEDGEMENT

I am very grateful to I. Piatetski-Shapiro and J. Shalika for making notes and
proofs from [J.PS.S] available to me, and for the fruitful discussions concern-
ing their work. I reported the contents of [J.PS.S] in a series of lectures in the
seminar organized by M. F. Vigneras in ENN.S.J.F. in Montrouge (summer
1984) [S1]. I wish also to thank J. Cogdell, S. Rallis and M. F. Vigneras for
enlightning discussions. Part of this work was done in the I.A.S. in Princeton,
N.J. and I thank the I.A.S. for its hospitability and its excellent atmosphere of
work.

REFERENCES

{B.Z] I. N. Bernstein and A. V. Zelvinski, Representations of the group GL(n, F), Russ. Math.
Surv. 31(3) (1976).

[H.PS] R. Howe and I. Piatetski-Shapiro, Some Examples of Automorphic Forms on Sp(4),
Duke Math. J. 50(1) (1983).

[J.PS.S] H.Jacquet, 1. Piatetski-Shapiro and J. Shalika, The 6-correspondence from GSp(4) to
GL(4), in preparation.

[J.Sh] H. Jacquet and J. Shalika, On Euler products and the classification of automorphic
representations I, Am. J. Math. 103(3) (1981).

[PS] I. Piatetski-Shapiro, Multiplicity one theorems, Proc. Symp. Pure Math. 33 (1979),
Part I.

[R] S. Rallis, On the Howe duality conjecture, Compos. Math. Vol. 50 (1983).

[R1] S. Rallis, Injectivity properties of liftings associated to Weil representation, Compos.
Math. 52 (1984).

(Sh} J. Shalika, The multiplicity one theorem for GL(n), Ann. of Math. 100(1) (1974).

[S] D. Soudry, The L and y factors of generic representations of GSp(4, k) X GL(2, k) over a
local non-Archimedean field k, Duke Math. J. 51(2) (1984).

{S1] D. Soudry, Lectures on the §-correspondence from GSp(4) to G1(4), ENSJF, Montrouge,
1984.

[W1 G. Warner, Harmonic Analysis on Semisimple Lie Groups I, Springer-Verlag, New York,
1972.



